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A SPECIAL QUARTIC CURVE 


BY 
ELSIE JEANNETTE McFARLAND 


The special quartic curve whose equation is 
(1) F=ax'+byt+cz!+2fy?2? + 292727 + 2h2’y? = 0 


was studied by Hilda Fay Webb, of the University of California, and the results 
of her investigation are to be found in her thesis for the Master’s degree, submitted 
in May, 1915. 

Miss Webb found the quartic to be a non-singular curve with four double 
tangents passing through each vertex of the fundamental triangle. The six pairs 
so obtained form a ‘“‘syzygetic sextuple.’’ She also found that when the general 
quartic is represented by UW=V2, the complete condition for the reducibility 
of the general quartic equation to the special form / =0 is as follows: 

Two vertices of bitangent pairs of the same set (of six pairs) must coincide; 
and the conics U, V, and W must cut the polar of the coincident vertices with 
respect to the contact conic in pairs of an involution. 

It is my purpose in this paper to investigate still further the properties of this 
special quartic curve, and to set up other conditions for the reducibility of the 
general equation of the fourth degree to the special form F=0. 


THE BITANGENTS 


The equation of the quartic being given as az!+by'+cz'+2fy?2? +2922? + 
2hx?y?=0, the four double tangents through the point (0, 0, 1) will be of the form 


(2) e=tAy 
e=tAgy 
where +A, and +4, are the roots of the equation: 
(3) (g?—ac)A*+2(fg—ch)A?+ (f?—be) =0 
Those through the point (1, 0, 0) are 
(4) y=tByz 


oC + Boz 


390 University of California Publications in Mathematics [ Vou. 1 


where +B, and +B, are the roots of the equation 


(5) (h? — ab) B*+-2(gh—af) B?+ (g? —ac) =0 
Those through the point (0, 1, 0) are | 
(6) = +Ciw 
= +Coxr 


where +C, and +C, are the roots of the equation 
hae (f2—be)C4+-2(fh—bg)C2+(h?—ab) =0. 


We see from equations (2), (4), and (6) that each set of four double tangents 
through a vertex contains two pairs, the lines of which are harmonically divided 
by the sides of the reference triangle through that vertex. For example, the lines 
z=C\x and z= —C,z are harmonically divided by «=0 and z=0. 


The quartic F =0 is transformed into itself by the following collineations: 


(a) (b) (c) (d) 

oa. r=—-27' asi’ r= —7'- 
y=y’ y=—y’ y=—y! y= y' 
Z= 2" g= 2! = 2! gun og! 


If z=px+qy touches F =0 twice, then, since (a), (b), (c), and (d) transform F 
into itself, the three lines z= —pxr—qy, z=px—qy and z= —px+qy, obtained by 
applying (b), (¢c), and (d) to z=px+qy, are likewise double tangents of the quartic. 

Similarly, if z=pxr+qy is an inflexion tangent, z= —pxr—qy, z=px—qy, and 


z=—px+qy are likewise inflexion tangents. 
Let us now take as a double tangent the line z= pa+qy. The equation 
(8) (a+ cp*+ 2gp*)x*+4(cp*q+ gpg) xy 


2 2 
+6 (cre IO Ene sep +ipdey + Ler +2/08)y'=0, obtained by 
substituting px+qy for z in (1) must be a perfect square. 
If (8) is written: Av!+4Br%y+6Ca*y?+4Day?+ EHy*=0, it will be a perfect 


square if 
AC — B? = CE—D? 


2 FR a 

(9) a FB , or AD?— EB 0 
ply BY. coe 

ce ae Z -17 or 3A BC —2B3— A2D =0 


The resulting conditions on p and q are: 


(10)  (ac?—cg?)Q?+ (2acf—2fg?)Q+ (cf? — be?) P?+ (2f?g — 2bcg) P+ (af? — bg”) =0. 
(11) (ace?’—cg?) P?Q+(ag?—a’c)Q+ (eh —cfg)P?+ (8cegh—acf—2fg?) P?+ (ach +29°h 
— 3afg)P+ (agh—a*f)=0 where P=p? and Q=@’. 


(12) pq=0. This condition merely gives us the double tangents through (1, 0, 0) 
and (0,1; 0). 

Eliminating Q between (10) and (11) we arrive at an equation of the sixth 
degree in: P. 
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(13) (ch?—2cfgh + actf?—abe® + bctg?)P® + (6ac*f?g —8c*fg?h —4actfh + 6cigh? — 
2abctg + 2bc*g*) P®+ (2a2c3f?+ 13¢897h? + 13ac?f?g?+ 2acth? — 20ac*fgh —10cfg%h — 3abc%¢? 
+ be?g*+ 2a*bc*) P#+ (8a?cf?g — 4a°c3fh — 32acrfgrh + 8ac%gh? + 12acf?g? — 4cfgt*h+12¢ 
g®h?+4a°bc*g — 4abe’g*) P+ (10a*cf?g?+- a?c®h? + 4cg*h? — 10a?efgh — 20acfg*h + 10ac*g*h? 
+a%cf?+4af?g+3abe?g? — 2abcg* — a%bc?) P? + (2a%cf2g —8a7cfgr7h + 2a%cgh? + 4acg*h? 
+-40°f2g3 — 4afgth — 2a%bc?g + 2a°bcg*) P+ (acg*h? + a3 fg? — 2a°fg*h — a*bcg? +a7bg*) = 0. 

This equation, however, contains the extraneous factor c?P?+2cgP+q’. Accord- 
ingly the equation in P reduces to 
(14) c(ch?—2fgh+af?—abct+bg’) P'+4c(af?g —forh—acfh+cgh?)P? + 2(arcf? + 
2cg’h? — bacfgh+a?bc? — abcg? + 2af?g? + acth?) P? + 4a(af?g —fg?h—acfh+cgh?)P + @& 
(ch? —2fgh+af? —abc+bg?) =0. 

This equation can, of course, be solved, giving us four values of P : Pi, Pe, Ps, 
and Py. We have then four corresponding values of Q : Q:, Qe, Qs, and Q.. 


Sixteen double tangents are given by the equations: 


(15)  estbpirtqy z=Apowttagy 
z=+pwtqy ce ee 2=tpwtorqy 
where p:= VP, and q:= VQ,, ete. 


Let us represent the four double tangents z=+p,wtqiy by the numbers 1, 2, 
3, and 4, and the intersection of any two, say 1 and 2, by (1, 2). Then the points 
(1, 2) and (3, 4) lie on one side of the reference triangle, points (1, 3) and (2, 4) on 
another side, and points (1, 4) and (2, 3) on the third side. 


ARRANGEMENT OF THE BITANGENTS IN STEINER COMPLEXES 
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If we pair together the double tangents x=A.y, x=—Ajy, and set up the 
identical relation F =az*+by*+czt+ 2fy?z? + 29272? + Qh2y?. 
(16) =(@?—A?Py?) (la?+-my?+ne+ray+sre+tyz) —Uer+m'yt+n'2+r'cy+s' rz 
+t’yz)?, we find by equating coefficients and expressing the quantities 1, m, n, 
f8,%4,0,m',n,?, st in terms orl that we have: 


(l=a+l’” (l’ is arbitrary. 
2 2 2 
coef feedtaael’ (wend ae 
Con ; : 
a 
n=2g+2l’/—c n'=/—c 
|r=s=t=0 Lr’ =s'=t’=0 
We then get 
Diam: lee es ‘) 
(18) F=[22—-A,2y?] | (a1) 22 fo RSE ie let Qgtal'v 92 


+A 
_~ [ ‘gy? — ee eV cae +A ks \v + (Vv oe] where l’ is arbitrary and takes the place 


of \ as used by Weber throughout his chapter on the double tangents of a quartic.* 
Rearranging according to powers of lL’: 


fP+2fA rg tA vg? 


Falet—Artyt] { a2" @ 7 ve + 292" 
Aa GA: a 
(19) +91’ jee gee 412 92— vt | 


+A? i 
[{-(2A2 sv =neh arte] 
=[2°—APy|[V+20 +e] —[U+ Ari? 


We have expressed F in canonical form with l’ taking the place of X. 
If the variable conic V-+2\U + Way, =a’ +b/y?+c'22+2f'yz+2g’xz+2h'xy =0, 


ja’ h’ g’| 
it will degenerate when [h’ b’ f’| =0. 
oe pec 
Since the variable conic contains only x”, y?, and 2? terms, the determinant 
la’ 0] 
becomes “07670 |= abc 0: 
CAN) 63 


When a’ =0 we get the lines y= + Biz, y= + Bez. 

When b’=0 we get the lines z= +Ciz, z= +Cor. 

When c’=0 we get only x=+Asy, since c’ is of the first degree in lL’. 

We see, therefore, that the twelve double tangents through the vertices of the 
fundamental triangle are paired as follows to form a Steiner complex: 


* Weber, H., Lehrbuch der Algebra, Vol. 2. 
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9) () #= AW (2) r=+4Ayy | (3) 2=4Cyr 
: (4) z=+Cox (5) y= Biz (6) y= +B.z 


. t+Ay=0 x—Ayy=0 
If, now, we pair pty ee and bine ee 
we shall get a second complex, and if we pair 


r+Aiy=0 x—Ayy=0 
t—Asy=0 and x+Asy=0 


we shall get a third, and these three complexes will contain all twenty-eight double 
tangents. 


Let us now obtain the complex determined by the pair 


t+Ay=0. 4 4 4 242 242 Ca eae 
yey EA 6. Let axz*+byt+cz*+2fy?2? + 29x72? + 2h2y’?= 
[a?+ (A, +As)ry+A,Aoy?] [le?+my+tn2e2+raeyt+sxz+tyz| 


—[Vaertm’yt+n’2+r/acyts’cz+t’ yz? 
We find that: 
nel, —c—m"ec 


2fg_ 2gm'V—e_g? 


= Rie Re eae 
pga n2 
Pata m’ is arbitrary. 
R 
ee oe 
(22) pes c n'=V—c 
see 2Sfm" 28m" Sb_ Sm” 1 Sf+Sm'v =e 
Pee hee | PM i ey 
oF s’=t’=0 
fe UAE 
Ye =o 
S=A;+A.2 . f?—be 
where p _ aoe Viti eae 


ano fab — ae — no) which may be verified from equation (3). 


(23) Pelet+Sey+kvil }(a -£ ate _ fey? ae pt Le bay! 


ae fv =) 9 V—e 2 eee He 19 z | 
ee Nonee | Ri ee ee a ee 


scl S 2 2 
[Gg ta eevee Tel tm eve dn] 


2 2 
attseytRyl| }(a- free 2 oy Bey ee ay! 


(24) 
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me oor oe S | 
(Oa) a 2x s& SIN) tae Aa ty $Me Sey t Ry | 


ae. aun tied S 2 
-|} & a= Ne et Vet ay Nath Sey ty | 


C 


/ 
which is in canonical form. (, ah | 


If the variable conic is to degenerate, the following determinant must vanish: 


(a— £ 2fg fl Ee ig Sf ne) 


| el MS 0 gece 6 C Re Oh RNC 
—Sb,_ df eS) ( b ) 
(GHteats Rime eas 
Dak —. 
= (2 -av= ae ave SI" ha 
vat 4 c C 
b feet Gee SS ee 
i) +(Ptar c ee by he 
ae eo suy-2) 
ive fe 


ab _ bf? ea a 
+( ale 


| ORS elo scr muceme cio op 
If a +2\V —c=0 we find that the variable conic becomes R2x’+ R3y?—SR2ry 


=0, or (w—Ayy) (x— Avy) =0. 

If the second factor is put equal to zero, we shall get four values of \ for which 
the variable conic will degenerate. 

If we pair (7+A,y) and (a—Asy) we replace the quantity S=A,+A. by 
D=A,, —Azgand R=A,A, by —R. Hence it will be seen at once that the remaining 
double tangents can be found by replacing S by D and Rk by —R in the expression 
for the variable conic and in equation (25). 

Since the variable conic is of the form a’a?-+b’y?+c'2?+2h'xy =0, it can degen- 
erate into (z-px-qy) (e+px+qy) =0, or (e—pa+qy) (2+pr—qy) = 


To show that the complex determined by { Saad contains either four 


= Pera. x ; z= px : 
pairs of type ,_ —pr—qy, © four pairs of type ,_ _ fats let us set up the com 
: ._  2= px+qy 
plex determined by one of the pairs, , _ —pr—gy. The variable conic in this case is 


again of form a’a?-+-b’y?+c’22+2h'ry =0, as can be determined by carrying out the 
process of page seven. 
It will degenerate if c’=0, or if a’b’+h”?=0. 
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The coefficient c’ is identical with \?-++c, so that the complex contains two pairs 
of lines of the form «=Ay. 
If a’b’+h”=0, the conic degenerates into 


(z—px—qy) (e+pxr+qy) =9, 


where p and g must satisfy conditions (10) and (11). It will be seen then that the 
same complex is determined by any one of the four pairs 


Z= Pik€+Qhy 2= Pwt+rgy 2= pst +qsy pel em Dar ay 

Cran ie ate ee Te Pee Gs ao Pak O3y,, &—= — pat — day. 

Hence one of the two complexes determined by ,. yee ee and ,._ Asy=0 
must contain four pairs of type ,_ ae and the other four pairs of type 
or Pe OY 
Z= —pxL+ dy. 


If we pair ah and set up the identity aaz*+by*+cz*+2fy’2?+ 29272? + 


Qhay?= (2—Saz+R2?) (la’+tmyt+tnetrezetsyettay) — Vaertm'ytn’2+r’'xz 
+s’yz+t’xy)?, we find that t=t/=s=s’=0. Hence the variable conic is of the 
form a’v?-+b'y?+c'22+2g9'xz=0. It must then degenerate into a pair of straight 
lines (g+px+tqy) (z+px—qy)=0, or else into a pair (g—px+qy) (e-—px—qy) =0. 


The complex then contains the pair ae ne a and four pairs of the form 
Z2=—pxr—qy e=pxr—qy 
z=—petqy of the form 2=petay. 

2+Ciz7= —Cyw = () 


The complex determined by Besa gist ° will contain the pair , aL, yen. ene 


the four pairs of double tangents which do not appear in the preceding complex. 


In like manner we can show that of the two complexes determined by ae ay 
B= ; 
and ee, ,; one will contain four pairs of the type =, _ ae and the 
—— Der gy 
other four of the type ; petqy. 


Although other groupings may be made in the same manner, those already 
given are the most striking. They may be summarized as follows: 


To the complexes determined by sy eh and aie 2 belong the pairs 
z= px+rgy Z= —pr+qy 
z=—pr—qy 4 z= pr—qy. 


To the two determined by ee nd ae, belong the pairs 


z= —pt—qy 2=—pr+qy 
z= pa—qy 224 2 pr+qy. 
To the two determined by a a and ee, belong the pairs 
e= —pxr—qy e=pr—aqy 
z=—petqy 4 z=petyy. 
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REDUCTION OF THE GENERAL QUARTIC TO THE SPECIAL FORM 
ax'+by*+ cz*+ 2fy?2? + 2922" + 2ha’y? =0 
In his Higher Plane Curves, Salmon refers to this quartic, stating that its equa- 
tion contains implicitly eleven independent constants. This is shown by replacing 
x by lx’+my'’+nz’, y by l’x'+m'y'+n’2’, and z by 1x’ +m'"'y’+n"2’. F can 
then be written 


att(a'+Fy'+4 ia ey he “) sehr (2 +1 ny a a 2) 
ee) ear eee 
(ery ej p2nee(a' + Py 44 z oy (: ot yl “)= 0, 

an expression which evidently contains eleven ne constants. Thus we see 
that the fourteen independent constants in the equation of the general quartic must 


be subject to three conditions in order that it may be reducible to the special form 
F=0. 


CONDITIONS ON THE COEFFICIENTS OF THE GENERAL QUARTIC 


In order that the quartic whose equation contains the full fifteen terms shall 
be of the type discussed in this paper, its double tangents must be such that four 
of them pass through some point of the plane, four more through another point, 
and four more through a third point. 


If we represent two different double tangents of the fifteen-term quartic (which 
Pit +qy 
Saas 


1 to 28, the equation of degree a giving the value of ; for the points of inter- 


section of the twenty-eight double tangents, will have for coefficients the elementary 
Qi-Vi 
i—DPi 

of the subscripts of the q’s requires a corresponding interchange for the p’s, it can 


be shown that the symmetric functions of — — 


ed U2 
the quantities p and q; hence that they are rational functions of the coefficients of 


the quartic Q. 


we may call Q) by * nee where 7+7 and where 7 and 7 assume values from 


symmetric functions of the various quantities But since any interchange 


are also symmetric functions of 


If Q is to be of type F, the equation of degree 14x27 (which may be denoted by 
V(x,y),) must contain a cubic factor repeated six times. For since four double 
tangents go through a point, six points of intersection fall together. The same thing 
occurs for two other sets of four double tangents. 

If V has this cubic factor occurring to the sixth degree, its first derivative V’ 
will contain the cubic factor to the fifth degree. Hence V and V’ must have a 
common factor of degree fifteen, which is a perfect fifth power. This can be found 
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by the rational process of division. When this factor is found its fifth root can be 
extracted. This fifth root is a cubic which can be solved by radicals. The roots 


of it give for the three points through each of which pass four double tangents. 


We can then determine the lines joining these three points, and taking them as sides 
of a new reference triangle we can find the equation of Q referred to this new triangle. 
If the transformed equation now contains only even powers, Q was a special quartic 
of the type under consideration. 

If we wish to set up conditions under which Q will be reducible to form F, we 
must first impose the condition that V and V’ shall have a common factor of degree 
fifteen. This means that when sufficient steps have been taken in the process of 
finding the greatest common divisior, the remainder of degree fourteen must vanish 
identically. This implies fifteen conditions, which are not, of course, independent. 
This common factor of degree fifteen must be a perfect fifth power and conditions 
for that can be set up. These conditions are not, however, sufficient—or have not 
been proved so—since the pairs of double tangents through a vertex of a certain 
triangle must also be harmonically divided by the sides of the triangle through that 
vertex. Also the remaining sixteen double tangents are related in a special way 
to the sides of this same triangle. In order to determine the additional conditions 
we should transform to the new reference triangle, and equate the coefficients of odd 
powers, if such occur, to zero. 

The very large number of conditions obtained in this way must reduce ulti- 
mately to three. 


GEOMETRICAL CONDITIONS ON THE CURVE 


If x1y1, Vey2, and x3ys3 are three ‘pairs of double tangents belong ing to a Steiner 
complex, the general quartic can be written in the form V21-yi+ V2: Yo+V 23° Y3 
=(. If we take the points of intersection of x; with y;, v2 with ye, and x3 with y; 
for the vertices of our fundamental triangle, we can write the equation of the 
quartic as: pV (x—ay) (x—by) +av (y—cz) (y—dz) +rv (z—fx) (z—gx) =0, or, in 
rational form: j 


(27) (pt—2fgp*r?+frg?r*) xt + (q*—2abp’g’+arb’p')y* + (rt—2cdq’r? + cd?gt)z + 
(a*pt + bp* + 4abpt—2abfgp?r?—2fggr—2p’@ ay? + (ed + ae + 4cdq‘— 
2abcd pq? — 2abp?r? — 2q?r?)y?2?_ + (fr? + grt + 4fgr*—2cdfgq?r? —2cdp?q? — 2p?r?) x2" 
+ 2(—ap*—bp* + afgp?r? + bfgp’r?)a®y + 2(—cqt—dg* + abcp*q? + abdp*q)y*z 
+ 2(—fri—grt + cdf@r? + cdgq@r*)zx + 2(—abpt—ab*ptt+ap?q? + bp?q*?)ry' 
+ 2(— ed — cd*gt + cq?r? + dq?r?)y2® + 2(—f?grt —fg?rt + fpr? + gp?r?)zx? + 
2 (—afp*r’—agp*r’ —bfp’r?—bgp*r? + ofgg’r? + dfgg’r? + cpg? + dp*q’)x*yz + 
2 (—acp*¢’?—adp?q? — bep*q?—bdp*q? + abfp?r? + abgp'r? + far? + g@r)ay?z + 
2 (-—of¢r—dfgr?—cggr?—dgqr? + acdp*q? + bedp?g? + apr? + bp?r?)xyz?=0. 

Let us now set up the conditions that through each vertex of the reference 
triangle there shall pass a third double tangent to the quartic. 
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A line through the point (1, 0, 0), of the form y=mz, will meet the quartic in 
four points given by: fea 
(28) (peop a Pot ea 2 Op Op Cpr ep rie. 
(—fegr'—forrt + fpr? + gp*r?)} wiz + {(apt + bp! + 4abpt—2abfgp?r — 2fgqr?— 
2p?q’)m? + 2(—afp*r’—agp*r’— bfp?r? — bgp*r? + cfgg’r? + dfgqr? + ep?q + dp*r?)m 
+ (f*rt + g'rt + 4fgrt — 2cdfgq’r? — 2cdp?q? — 2pr?)} x2? + 2 {(—a®bp*—ab2p* + 
apg’ + bp?g?)m? + (abfp?r? + abgp’r? + far? + gq’r?—acp?q —adp’¢ — bepq? — 
bdp?g)m? + (acdp*g? + bedp'g? + apr? + bpr?—cfe@r?—dfer?—cg@r?—dggr2)m + 
(—fri—grt + edfq’r® + edgg?r)}az* + {(q! — 2abp’g? + a’b?p*)m! + 2 (— eq' — dat 
a. abcp*¢? + abdp*q?)m> + (qt + 4cdq* + d?qt — 2abp?r? — 2¢?r? — 2abcdp?q?)m? + 
2 (— ed — cg + cer? + oe + (r4—2cdq?r? + c?d?q*)}z4=0, which may be 
written: 
Az!+4B232+ 6Cv?2?+4D222+ Hz! =0. 
If the line y— mz is to be a double tangent, the above equation must be a perfect 
square, which will be the case if 
(1) AD?—EB?=0 and 
(2) 3ABC—2B°— A?D+0, 
or 
(1) m{m—(c + d)m + cd} {(f +g) (a+b) (¢—abp*)m? + [(f + g)*abr?— 
(f+) (a+) (c+ d)¢ + (a + b)p*lm + (f + g) (a + Bb) (edg—7*)} =0 
(2) {m’—(e + d)m + ed} {(a + b) (—fg)m + (f + g)} = 
Since m is. an extraneous factor, and m=c or d gives us the original double 
tangents y—cz=0 and y—dz=0, we may disregard the first two factors of (1) and 
the first of (2), and concern ourselves with the two equations: 
ao) see g —Clp mete eg) aor (fg) (a -F b) (ce ag oe 
(a + b)°p?} m+ (f+ 9) (a+b) (edg?—?r*) =0. 
and —fg(a + b)m + (f +g) =0. 
The eliminant of these equations is: 
(29) Fo= ge abp) ig 4G gyapr —(f + 9) (a + 0) (e+ ag? + 
(a + 6)°p?} + fg? (a + b)°(f + g) (edq?—1") =0. | 
If we had chosen x=ly or z=nz, we should have got two other eliminants: 
Hae ea) jor eed (eae age le a) (fe g) fa ae bp a 
(f + g)?r?} + &d(f + g)*(c + d) (abp?—q’) =0. 
Lg=(a 4-0) — cag’) “ab (a +b) cdp (a fb) (ea ae 
(c + d)?q?} + a*b*(c + d)?(a + b) (fgr?—p?) =0. 


It is evident from an inspection of the three eliminants that they will vanish if 
a= —b,c=—d,and f=—g. But the condition a= —6 is just the condition that the 
two double tangents through the vertex (0, 0, 1) of the reference triangle shall 
form a harmonic pair with the axes x=0, y=0. Similarly, if c=—d, the double 
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tangents through (1, 0, 0) are harmonically divided by y=0, z=0, and finally if 
f=-—g, the double tangents through (0, 1, 0) are harmonically divided by x=0, 
z=0. 

Hence it will be possible to pass a third double tangent to the quartic through 
each vertex of the reference triangle (chosen as indicated on page 397), if the two 
original double tangents through each vertex are harmonic conjugates of the sides 
of the triangle meeting in that vertex. 

Let us now set up the conditions that our general quartic curve as given by 
equation (27) shall contain only even powers of the variables. The nine conditions 
are as follows: 


(1) p*(—ap*—bp*+afor-+bfgr) = p(atbd) Uor—p) = 0 

(2) 9°?(—cq?—dq?+-abcp*+abdp?) = @(ctd) (abp’?—q) = 0 

G7 C—jr—or --edjg +cagg) =. = ag ede 7) 

(4) p*(—a*bp’—ab*p’?+aq?+-b¢?) = p*(a+b) (g’—abp’?) = 0 

(5). P(—ede’—c#¢e+er+dr) = P(cetd) (’—cd’) = 0 
(30). (6). (for —fg'r ip top). = r+) © 92) 0 


(7) (—afp?r’ —agp?r? — bf p?r? — bgp?r? + efg¢r’? +dfggr’+cp¢+dp*¢) 
= —pr’(atb) (f+g)+(e+d) (p+fgr)¢ =0 
(8) (— acp’g? — adp’q’ — bep’q? — bdp’q? +abfp*r’+abgp?r’ +fer+fer+ger) 
| = —p@P(at+b) (ct+d)+(f+g) (P+abp’)r’=0 

(9) (—cf@r?—df@r? —cg@?r? —dgqr? tacdp*q?+bedp*¢? + apr? + bp?r’) 
= —@r(ctd) (f+g)+(at+b) (1?+cdq?)p? =0 


From inspection we see that the nine equations are satisfied if a+b=0, c+d=0, 
f+g=0, or if p=q=r=0, and in no other way. But we must reject the system p=q 
=r=0, since if these relations were true we should have no quartic at all. Therefore 
the nine conditions for the reduction of the general quartic to the special form we are 
studying are equivalent to three, a+b=0, c+d=0, f+g=0. But these conditions, 
as we have previously noted, are the conditions that each pair of double tangents 
through a vertex of the reference triangle shall be harmonically divided by the 
sides of the reference triangle through that vertex. 


Let us first select as reference triangle one whose vertices are the inter- 
sections of 2 with yi, 22 with ye, x3 with y3, where x1y1, L2Yo, V3y3 are three pairs of 
double tangents of the general quartic belonging to a Steiner complex. If, then, 
we can draw through each vertex a third double tangent to the quartic, or if—an 
equivalent condition—we can show that the two double tangents through each 
vertex are harmonic conjugates of the sides of the reference triangle through that 
vertex, the given quartic is reducible to the form axt+byt+cz*+ 2fy?2?+ 2ga?2? + 
2hey’ =O. 

Note.—We can express a, b, c, d, f, and g in terms of the moduli of the class of curves, and so 


obtain the conditions they must satisfy if the quartic is of this variety. Riemann, ‘Zur Theorie 
der Abelschen Functionen fiir den Fall p=3, Gesammelte Werke, p. 456. 
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SUMMARY 


The quartic curve whose equation is 
ax*+- by*+- czt*-+2fy?2?+ 29272" 2ha’y? =0 
has the following properties: 


Four double tangents pass through each vertex of the reference triangle, the 
four consisting of two pairs which are harmonically divided by the sides of the 
triangle. The remaining sixteen are grouped by fours, each four consisting of the 
lines z= -+-px+qy. The quadrilateral formed by any one of these four-groups has 
for diagonals the sides of the fundamental triangle of reference. 

The actual equations of the double tangents can be determined by the solution 
of a biquadratic equation. 


The six pairs of double tangents through the vertices of the reference triangle 


belong to a Steiner complex. To the complexes determined by. eat, and 


t+Aiy=0 : 2+pxr+qy =0 z+pxr—qy=0 
ay —( belong the pairs gee ee Q and aes ieee) To those deter- 
mined by : 2 es S. and vi oe 2 ; belong the pairs a es z ; and 


z—pitqy=0 ; —B,z=0 —B,z=0 
a ar And finally to the two determined by ie 2h and Pap oo 


e+ px+qy =0 2+ px —qy—90 
z—pet+qy=0 2d 2—pr—qy=0. 

Under certain conditions the general quartic can be made to reduce to the special 
form #=0. Let three pairs of double tangents be selected from a Steiner complex 
and let their intersections be taken as the vertices of a new reference triangle. Then 
if it is possible to pass a third double tangent through each vertex, or if the two 
original double tangents are harmonically divided by the sides of the reference 
triangle through that vertex, the general quartic equation is reducible to the form 
considered in this paper. 
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